


Mean curvature flow (MCF)

I Let ⌃n be a smooth submanifold in a Riemannian manifold N . If

there is a family of smooth immersions Xt : ⌃n ! N satisfying

8
><

>:

✓
@Xt(x)

@t

◆?
= H(Xt(x))

X0 = Id

then ⌃t is called a MCF of ⌃.

I H = g
ij(r @X

@xi

@X
@xj

)?, where gij = h @X@xi
,
@X
@xj

i.
I A nonlinear weakly parabolic quasi-linear system, when coupling with

a di↵eomorphism of ⌃, the flow can be made into a normal

deformation.
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I Short time existence for any smooth compact initial data.

I Singularities may occur at larger time. The flow forms singularities

when the second fundamental form of the submanifold blows up.

I Use parabolic blow up to understand the profile of isolated

singularity.

I Assume N = Rm now for simplicity. A parabolic dilation of scale

� > 0 at (x0, t0) is defined to be

D� : (x, t) 7! (�(x� x0),�
2(t� t0)).

I Denote s = �
2(t� t0) and ⌃�

s = D�(⌃t0+ s
�2
). Then ⌃�

s also

satisfies MCF and t 2 [0, t0) ) s 2
�
��2t0, 0

⇤
.
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Monotonicity Formula (Huisken, 1990)

I Back heat kernel at (x0, t0)

⇢x0,t0(x, t) =
1

p
4⇡(t0 � t)

n e
�|x�x0|2
4(t0�t) , t < t0.

I If ⌃t satisfies MCF, then

d

dt

Z

⌃t

⇢x0,t0dµt = �
Z

⌃t

⇢x0,t0 |H +
1

2(t0 � t)
X

?|2dµt  0,

) limt!t0

R
⌃t
⇢x0,t0dµt exists, called the density at (x0, t0).

I Have a similar formula for MCF in a Riemannian manifold and the

density is also defined (White, 1997).
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I
R
⌃t
⇢x0,t0dµt is invariant under dilation. That is,

Z

⌃t

⇢x0,t0dµt =

Z

⌃�
s

⇢0,0dµ
�
s .

I Choose �i ! 1. If the limit of the flow of ⌃�i
s exists, it must satisfy

H(x, s)� 1

2s
X

?
t = 0, s < 0.

I For MCF in a Riemannian manifold, the blow up limit still lies in Rm.

I ⌃ is called a (normalized) self-shrinker in Rm if its position vector

X : ⌃ ! Rm satisfies H = � 1
2X

?. )
p
1� tX satisfies MCF.
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Soliton Solution to MCF in Rm

Solutions looks the same under MCF, either of the form '(t)X(x) or

X(x) +  (t) Direct computation shows that

I In case (1), H = cX
? and '(t) =

p
1 + 2ct for a constant c. c < 0,

solutions shrink, self-shrinkers, models for central blowup limits.

c = 0, solutions do not move, minimal submanifolds. c > 0,

solutions expand, called self-expanders, possible limit at infinity.

I In case (2), H = T
? for a constant vector T and  (t) = tT, called

a translating solution. It is possible limit for max point blowup.

I Find such examples. Try to classify. Determine whether these

examples are blowup limits of MCF. Use these examples to

understand the singularities, and do surgery.
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