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Abstract. We survey some of the state of the art regarding singu-
larities in Lagrangian mean curvature flow. Some open problems are
suggested at the end.
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1. Introduction

Since Yau’s solution to the Calabi Conjecture, Calabi-Yau manifolds and
minimal Lagrangians (called special Lagrangians) have acquired a central
role in Geometry and Mirror Symmetry over the last 30 years. Unfor-
tunately, the most basic question one can ask about special Lagrangians,
whether they exist in a given homology or Hamiltonian isotopy class, is still
largely open. Special Lagrangians are area-minimizing and so one could
approach the existence problem by trying to minimize area among all La-
grangians in a given class. Schoen–Wolfson [25] studied the minimization
problem and showed that, when the real dimension is four, a Lagrangian
minimizing area among all Lagrangians in a given class exists, is smooth ev-
erywhere except finitely many points, but not necessarily a minimal surface.
Later Wolfson [42] found a Lagrangian sphere Σ with nontrivial homology
on a given K3 surface for which the Lagrangian which minimizes area among
all Lagrangians homologous to Σ is not a special Lagrangian and the surface
which minimizes area among all surfaces homologous to Σ is not Lagrangian.
This shows the subtle nature of the problem and that variational methods
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do not seem to be very effective. For this reason there has been increased
interest in evolving a given Lagrangian submanifold by the gradient flow for
the area functional (Lagrangian mean curvature flow) and hope to obtain
convergence to a special Lagrangian.

Initially there was a source of optimism and, under the assumption that
the tangent planes of the initial Lagrangian lie in some convex subset of
the Grassmanian bundle, Smoczyk, Tsui, and Wang [30, 32, 36, 37] proved
that the Lagrangian mean curvature flow exists for all time and converge to
a special Lagrangian. Similar results were also obtained in the symplectic
or graphical setting by Chen, Li, Smoczyk, Tian, Tsui, and Wang [11, 30,
31, 32, 34, 35, 36, 37, 38]. Unfortunately, the minimal surfaces which were
produced by this method were already known to exist which means that,
in order to find new special Lagrangians, one should drop the convexity
assumptions on the image of the Gauss map. The drawback in doing so
is that long-time existence can no longer be assured and, as a matter of
fact, the author showed [20] that finite-time singularities do occur for very
“well-behaved” initial conditions.

Theorem 1.1. There is L ⊂ C2 Lagrangian, asymptotic to two planes at
infinity, and with arbitrarily small oscillation of the Lagrangian angle so
that the solution to mean curvature flow develops finite time singularities.

These examples all live in C2 and so it was a natural open question
whether, in a compact Calabi-Yau, one could have “good” initial condi-
tions which develop finite time singularities under the flow. As a matter of
fact, Thomas and Yau [33] proposed a notion of “stability” for the flow (see
either [33] or [23] for the details) and conjectured that Lagrangian mean cur-
vature flow of “stable” initial conditions will exist for all time and converges
to a special Lagrangian. Unfortunately, their stability condition is in general
hard to check and it seems to be a highly nontrivial statement the existence
of Lagrangians which are “stable” in their sense and not special Lagrangian.
Thus Wang [39] simplified the Thomas-Yau conjecture to become

Conjecture. Let L be a Lagrangian in a Calabi-Yau manifold which is
embedded and Hamiltonian isotopic to a special Lagrangian Σ. Then the
Lagrangian mean curvature flow exists for all time and converges to Σ.

Schoen and Wolfson [26] constructed solutions to Lagrangian mean curva-
ture flow which become singular in finite time and where the initial condition
is homologous to a special Lagrangian. On the other hand, we remark that
the flow does distinguish between isotopy class and homology class. For in-
stance, on a two dimensional torus, a curve γ with a single self intersection
which is homologous to a simple closed geodesic will develop a finite time
singularity under curve shortening flow while if we make the more restrictive
assumption that γ is isotopic to a simple closed geodesic, Grayson’s The-
orem [13] implies that the curve shortening flow will exist for all time and
sequentially converge to a simple closed geodesic.

To this end, the author has recently shown [23, Theorem A] that Wang’s
conjecture is false.

Theorem 1.2. Let M be a four real dimensional Calabi-Yau and Σ an
embedded Lagrangian. There is L Hamiltonian isotopic to Σ so that the
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Lagrangian mean curvature flow starting at L develops a finite time singu-
larity.

In any case the upshot is that it will be hard to avoid singularities for La-
grangian mean curvature flow and so it is important to understand how sin-
gularities form if one expects to use the flow to produce special Lagrangians.
The subject is still in its infancy and so the purpose of this survey it to col-
lect some the basic techniques that have been used to tackle singularity
formation and exemplify how they can be applied in simple cases. For more
on long time existence and convergence results the reader is encouraged to
read [39, 40].
Acknowledgements: The author would like to express his gratitude to
Dominic Joyce for extensive comments that improved tremendously this
survey.

2. Preliminaries

Let J and ω denote, respectively, the standard complex structure on Cn
and the standard symplectic form on Cn. We consider the closed complex-
valued n-form given by

Ω ≡ dz1 ∧ . . . ∧ dzn
and the Liouville form given by

λ ≡
n∑
i=1

xidyi − yidxi, dλ = 2ω,

where zj = xj + iyj are complex coordinates of Cn. We set

BS = {x ∈ Cn | |x| < S} and A(R,S) = {x ∈ Cn |R < |x| < S}.
Given f ∈ C1(Cn), Df denotes its gradient in Cn and ∇f its gradient in L.

A smooth n-dimensional submanifold L in Cn is said to be Lagrangian if
ωL = 0 and a simple computation shows that

ΩL = eiθvolL,

where volL denotes the volume form of L and θ is some multivalued function
called the Lagrangian angle. When the Lagrangian angle is a single valued
function the Lagrangian is called zero-Maslov class and if

cos θ ≥ ε
for some positive ε, then L is said to be almost-calibrated. Furthermore, if
θ ≡ θ0, then L is calibrated by

Re
(
e−iθ0Ω

)
and hence area-minimizing. In this case, L is referred as being special La-
grangian.

For a smooth Lagrangian, the relation between the Lagrangian angle and
the mean curvature is given by the following remarkable property (see for
instance [33])

H = J∇θ.
A Lagrangian L0 is said to be rational if for some real number a

λ (H1(L0,Z)) = {a2kπ | k ∈ Z}.
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Any Lagrangian having H1(L0,Z) finitely generated can be perturbed in
order to become rational and so this condition is not very restrictive. When
a = 0 the Lagrangian is called exact and this means there is β ∈ C∞(L0) for
which dβ = λ. Furthermore, if L0 is also zero-Maslov class, it was shown in
[20, Section 6] that the rational condition is preserved by Lagrangian mean
curvature flow.

Let L0 be a smooth Lagrangian in Cn with area ratios bounded above,
meaning there is C0 so that

Hn
(
L0 ∩BR(x)

)
≤ C0R

n for all R > 0 and x ∈ Cn.

Under suitable conditions, bounded area ratios, Lagrangian, zero-Maslov
class, and almost-calibrated are conditions which are preserved by the flow.
All solutions to Lagrangian mean curvature flow considered in this survey
are assumed to have polynomial area growth, bounded Lagrangian angle,
and a primitive for the Liouville form with polynomial growth as well.

A submanifold L of Euclidean space is called a self-expander if H = x⊥/2
and what this means is that Mt =

√
tM is a smooth solution to mean

curvature flow for all t > 0. If L is an exact and zero-Maslov class Lagrangian
in Cn then

H =
x⊥

2
=⇒ 2J∇θ = −J∇β =⇒ ∇(β + 2θ) = 0

and so β + 2θ is constant.
Given any (x0, T ) in R2n × R, we consider the backwards heat kernel

Φ(x0, T )(x, t) =
exp

(
− |x−x0|

2

4(T−t)

)
(4π(T − t))n/2

.

3. Basic Techniques

I will describe the main technical tools that have been used to understand
singularities.

3.1. White’s Regularity Theorem. Let (Mt)t≥0 be a smooth solution to
mean curvature flow of k-submanifolds in Rn. Consider the local Gaussian
density ratios given by

Θt(x0, l) =

∫
Mt

Φ(x0, l)(x, 0)dHk.

The following theorem is proven in [41]. Its content is that if the local
Gaussian density ratios are very close to one, the submanifolds enjoy a
priori estimates on a slightly smaller set.

Theorem 3.1 (White’s Regularity Theorem). There are ε0 = ε0(n, k), C =
C(n, k) so that if ∂Mt ∩B2R = ∅ and

Θt(x, l) ≤ 1 + ε0 for all l ≤ R2, x ∈ B2R, and t ≤ R2,

then the C2,α-norm of Mt in BR is bounded by C/
√
t for all t ≤ R2.
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3.2. Monotonicity Formulas. In [15] Huisken proved the following fun-
damental identity.

Theorem 3.2 (Huisken’s monotonicity formula). Let ft be a smooth family
of functions on Lt. Then, assuming all quantities are finite,

d

dt

∫
Lt

ftΦ(x0, T )dHn =

∫
Lt

(
dft
dt
−∆ft

)
Φ(x0, T )dHn

−
∫
Lt

ft

∣∣∣∣H +
(x− x0)⊥

2(T − t0)

∣∣∣∣2 Φ(x0, T )dHn.

The next lemma determines test functions to be used in Huisken’s mono-
tonicity formula.

Lemma 3.3. Let (Lt)t≥0 be a zero-Maslov class smooth solution to La-
grangian mean curvature flow. Then

i) There is a smooth family of functions θt ∈ C∞(Lt) such that

H = J∇θt and
d

dt
θ2
t = ∆θ2

t − 2|H|2;

ii) Assume that L0 is also exact. There is a smooth family of functions
βt ∈ C∞(Lt) with dβt = λ and

d

dt
(βt + 2(t− T )θt)

2 = ∆(βt + 2(t− T )θt)
2 − 2|2(t− T )H − x⊥|2;

iii) If µ ∈ C∞(Cn) is such that the one parameter family of diffeomor-
phisms (φs)s≥0 generated by JDµ is in SU(n), then

d

dt
µ2 = ∆µ2 − 2|∇µ|2;

iv) If n = 2 and µ(z1, z2) = x1y2 − x2y1, then

d

dt
µ2 = ∆µ2 − 2|∇µ|2;

Remark 3.4. If L is special Lagrangian, the third identity implies that µ is
harmonic in L, a fact which was observed by Joyce in [19, Lemma 3.4]. The
geometric interpretation is that µ is obtained from the moment map of some
group action.

Proof. The first two equations can be found in [20, Section 6]. We now show
the third identity. It suffices to show that

dµ

dt
= ∆µ.

For each fixed t consider the family Ls,t = φs(Lt). It is simple to see that
Ls,t is Lagrangian for all s and the Lagrangian angle θs,t satisfies (see [33,
Lemma 2.3])

d

ds
θs,t = ∆µ.

On the other hand, each φs ∈ SU(n), which means that θs,t = θt ◦ φ−1
s and

thus d
ds |s=0

θs,t = −〈∇θt, Z〉. Therefore

dµ

dt
= 〈H,Dµ〉 = −〈∇θt, Z〉 =

d

ds |s=0
θs,t = ∆µ.
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To show the last identity one can either argue that the one parameter
family of diffeomorphisms generated by Z = JDµ is in SU(2) or see directly
that, because each coordinate function evolves by the linear heat equation,
we have

dµ

dt
= ∆µ− 2〈X>1 , Y >2 〉+ 2〈Y >1 , X>2 〉,

where Xi = Dxi, Yi = Dyi for i = 1, 2 and

〈X>1 , Y >2 〉 − 〈Y >1 , X>2 〉 = −〈(JY1)>, Y2〉 − 〈Y >1 , X2〉

= −〈JY ⊥1 , Y2〉 − 〈Y >1 , X2〉 = −〈Y ⊥1 + Y >1 , X2〉 = −〈Y1, X2〉 = 0.

�

This lemma can be combined with Theorem 3.2 to show

Corollary 3.5.

i) A smooth zero-Maslov class Lagrangian which is a self-shrinker must
be a plane.

ii) If (Lt)t>0 is an exact and smoth zero-Maslov class solution to La-
grangian mean curvature flow with area ratios bounded below and
such that Lεi converges in the varifold sense to a cone L0 when εi
tends to zero then, for all t > 0,

Lt =
√
tL1.

iii) Let µ be a function satisfying the conditions of Lemma 3.3 iii) or
iv). If (Lt)t>0 is a smooth solution to Lagrangian mean curvature
flow such that, when t tends to zero, Lt tends, in the Radon measure
sense, to a measure supported in µ−1(0), then Lt ⊂ µ−1(0) for all t.

Remark 3.6.

a) Assuming almost-calibrated, the first statement was proven by Wang
in [35] (see also [9] for a similar result in the symplectic case). The
second statement was proven in [22].

b) It is important in i) that we assume L to have bounded Lagrangian
angle and no boundary. Otherwise, as it was pointed out by Joyce,
the universal cover of a circle or half circle in C would be counterex-
amples.

c) It is important in ii) that we assume Lt to be smooth for all t > 0
because otherwise the result would not be true. For instance, for
curve shortening flow, σt could be {(x, y) |xy = 0} for all t ≤ 2 and
σt =

√
t− 2σ3 for all t > 2, where σ3 is a self-expander asymptotic

to σ2.

Proof. To prove i) set Lt =
√
−tL which is a smooth solution to Lagrangian

mean curvature flow for t < 0. Choose (x0, T ) = (0, 0) and consider

θ(t) =

∫
Lt

θ2
tΦ(x0, T )dHn.

Scale invariance implies that θ(t) is constant as a function of t and so its
derivative must be zero. Hence, combining Theorem 3.2 with Lemma 3.3 i)
we have that L has H = 0. Moreover, L is a self-shrinker and so it must
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have x⊥ + 2H = 0, which means that L is a smooth minimal cone. Thus, L
must be a plane.

To prove the second statement note that the function βt can be defined
as

βt(x) =

∫
γ(pt,x)

λ+ βt(pt),

where pt belongs to Lt and γ(pt, x) is any path in Lt connecting pt to x.
Because L0 is a varifold with x⊥ = 0 we have that λ = 0 when restricted to

L0 and thus, from varifold convergence and the fact area ratios are bounded
below, we have that when ti tends to zero βti converges uniformly to a
constant which we can assume to be zero. As a result, we obtain that

γ(t) =

∫
Lt

(2tθt + βt)
2Φ(0, 1)dHn

has γ(ti) tending to zero. Furthermore, we have from Theorem 3.2 and
Lemma 3.3 ii) that

d

dt
γ(t) ≤ −2

∫
Lt

∣∣∣2tH − x⊥∣∣∣2 Φ(0, 1)dHn

which means that γ(t) is non-increasing and so it must be zero for all t.
Therefore 2tH − x⊥ = 0 on Lt and this implies Lt =

√
tL1.

To show iii) note that from Lemma 3.3 iii) and Theorem 3.2 we have for
all t < T

d

dt

∫
Lt

µ2Φ(0, T )dHn ≤ 0.

The result follows because

lim
t→0

∫
Lt

µ2Φ(0, T )dHn = 0.

�

3.3. Poincaré type Lemma. In order to study blow-ups of singularities it
is important to have a criteria which implies that a function αi on N i with
L2 norm of the gradient converging to zero must converge to a constant. It is
simple to construct a sequence N i (not necessarily Lagrangian) converging
(in some suitable weak sense) to a disjoint union of two spheres S1, S2 and a
sequence of functions αi with L2 norm of the gradient converging to zero so
that αi tends to 1 on S1 and −1 on S2. The next proposition gives conditions
which rule out this possibility.

Lemma 3.7. Let (N i) and (αi) be a sequence of smooth k-submanifolds in
Rn and smooth functions on N i respectively, such that the following proper-
ties hold for some R > 0:

a) There exists a constant D0 such that

Hk(N i ∩B3R)) ≤ D0R
k for all i ∈ N

and (
Hk(A)

)(k−1)/k
≤ D0Hk−1(∂A)

for every open subset A of N i ∩B3R with rectifiable boundary.
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b) There exists a constant D1 such that for all i ∈ N

sup
N i∩B3R

|∇αi|+R−1 sup
N i∩B3R

|αi| ≤ D1.

c)

lim
i→∞

∫
N i∩B3R

|∇αi|2dHk = 0.

d) ∂N i∩B3R = 0 and N i∩B2R contains only one connected component
which intersects BR.

There is α such that, after passing to a subsequence,

lim
i→∞

sup
N i∩BR

|αi − α| = 0.

Remark 3.8. A version of this lemma with stronger hypothesis was proven in
[20, Proposition A.1]. Hypothesis a) is needed so that we have some control
on the sequence N i. Note that it rules out the example, described above, of
N i degenerating into two spheres. Hypothesis b) is also needed because if
N i = {(z, w) ∈ C2 | zw = 1/i}, it is not hard to construct a sequence αi for
which c) is true but αi does not tend to a constant function. Finally, the
last hypothesis is needed because otherwise the lemma would fail for trivial
reasons.

Proof. Throughout this proof, K = K(D0, D1, k) denotes a generic constant
depending only on the mentioned quantities. Choose any sequence (xi) in
N i ∩BR. After passing to a subsequence, we have

lim
i→∞

xi = x0 and lim
i→∞

αi(xi) = α

for some x0 ∈ BR and α ∈ R. Furthermore, consider a sequence (εj) con-
verging to zero and define

N i,α,j = α−1
i ([α− εj , α+ εj ]).

The sequence (εj) can be chosen so that, for all j ∈ N,

lim
i→∞
Hk−1

(
∂N i,α,j ∩B3R

)
= 0

because, by the coarea formula, we have

lim
i→∞

∫ ∞
−∞
Hk−1

(
{αi = s} ∩B3R

)
ds = lim

i→∞

∫
N i∩B3R

|∇αi|dHk

≤ lim
i→∞

KRk/2
(∫

N i∩B3R

|∇αi|2dHk
)1/2

= 0.

Lemma 3.9. For every j ∈ N

lim inf
i→∞

Hk
(
N i,α,j ∩BR(x0)

)
≥ KRk.

Proof. Given yi ∈ N i, denote by B̂r(yi) the intrinsic ball in N i of radius

r. We start by showing that Hk(B̂r(yi)) ≥ Krk for all yi ∈ B2R ∩ N i and
r < R. Set

ψ(r) = Hk
(
B̂r(xi)

)
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which has, for all r < R, derivative given by

ψ′(r) = Hk−1
(
∂B̂r(yi)

)
≥ K(ψ(r))(k−1)/k.

Hence, integration implies ψ(r) ≥ Krk and the claim follows. From hypoth-
esis b) there is sj = s(j, k,D0, D1, R) < R such that, for all i sufficiently

large, B̂sj (xi) ⊂ N i,α,j and thus

Hk
(
Bs(xi) ∩N i,α,j

)
≥ Ksk for all s ≤ sj .

Set
ψi,j(s) = Hk

(
N i,α,j ∩Bs(xi)

)
which has, by the coarea formula, derivative satisfying

ψ′i,j(s) =

∮
∂Bs(xi)∩N i,α,j

|x− xi|
|(x− xi)>|

dHk−1 ≥ Hk−1
(
∂Bs(xi) ∩N i,α,j

)
= Hk−1

(
∂
(
Bs(xi) ∩N i,α,j

))
−Hk−1

(
Bs(xi) ∩ ∂N i,α,j

)
≥ K

(
Hk
(
Bs(xi) ∩N i,α,j

))(k−1)/k
−Hk−1

(
∂N i,α,j ∩B3R

)
= K (ψi,j(s))

(k−1)/k −Hk−1
(
∂N i,α,j ∩B3R

)
for almost all s. Integration implies

ψ
1/k
i,j (R) ≥ K(R− rj)−Hk−1

(
∂N i,α,j ∩B3R

) ∫ R

rj

ψ
(1−k)/k
i,j (t)dt,

where rj = min{sj ,KR/2}. Note the integral term is bounded indepen-
dently of i for all i sufficiently large and so

lim inf
i→∞

ψ
1/k
i,j (R) ≥ K(R− rj) ≥ KR/2.

This proves Lemma 3.9.
�

Suppose there is yi ∈ N i ∩ BR converging to y0 ∈ BR so that αi(yi)
tends to ᾱ distinct from α. Repeating the same type of arguments we find
a closed interval I disjoint from [α− εj , α+ εj ] such that, after passing to a
subsequence,

lim
i→∞
Hk
(
α−1
i (I) ∩BR(y0)

)
≥ KRk.

Given any positive integer p, pick disjoint closed intervals

I1, · · · , Ip
lying between I and [α − εj , α + εj ]. Hypothesis d) implies that, for all i

sufficiently large, α−1
i (Il) ∩B2R is not empty. Hence, arguing as before, we

find y1, . . . , yp in B2R such that, after passing to a subsequence,

lim
i→∞
Hk
(
α−1
i (Il) ∩BR(yl)

)
≥ KRk,

for all l in {1, . . . , p}. This implies

lim
i→∞
Hk
(
N i ∩B2R

)
≥ lim

i→∞

p∑
l=1

Hk
(
α−1
i (Ij) ∩BR(yl)

)
≥ pKRk.
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Choosing p sufficiently large we get a contradiction. This proves Lemma
3.7. �

The next result gives conditions which guarantee Lemma 3.7 a) holds.

Lemma 3.10. Let L be a Lagrangian in Cn such that ∂L ∩ BR = ∅ and
either i)

inf
L∩BR

cos θ ≥ δ

or ii) n = 2 and for some ε small enough∫
L∩BR

|H|2dH2 ≤ ε.

There is D = D(δ, n) so that

(Hn(A))(n−1)/n ≤ DHn−1(∂A)

for all open subsets A of L ∩BR with rectifiable boundary.

Proof. We follow [20, Lemma 7.1] and prove i). The Isoperimetric Theorem
[27, Theorem 30.1] guarantees the existence of an integral current B with
compact support such that ∂B = ∂A and for which

(H(B))(n−1)/n ≤ CHn−1(∂A),

where C = C(n). If T denotes the cone over the current A − B (see [27,
page 141]), then ∂T = A−B and thus, because

Re ΩL = cos θ ≥ δ,

we obtain

Hn(A) ≤ δ−1

∫
A

Re Ω = δ−1

∫
B

Re Ω + δ−1

∫
∂T

Re Ω

≤ δ−1Hn(B) + δ−1

∫
T
dRe Ω ≤ δ−1

(
CHn−1(∂A)

)n/(n−1)
.

To prove ii) we use Michael-Simon Sobolev inequality which implies (see [27,
Theorem 18.6]) (

H2(A)
)1/2 ≤ C ∫

A
|H|+ CH1(∂A)

for some universal constant C. In this case we have(
H2(A)

)1/2 ≤ C (H2(A)
)1/2(∫

A
|H|2

)1/2

+ CH1(∂A)

and so we get the desired result whenever

C2

∫
L∩BR

|H|2 ≤ 1/4.

�
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3.4. Compactness Result. We state a compactness result for zero-Maslov
class Lagrangians with bounded Lagrangian angle. The proof can be found
in [20, Proposition 5.1].

Proposition 3.11. Let Li be a sequence of smooth zero-Maslov class La-
grangians in Cn such that, for some fixed R > 0, the following properties
hold:

(a) There exists a constant D0 for which

Hn(Li ∩B2R) ≤ D0R
n and sup

Li∩B2R

|θi| ≤ D0

for all i ∈ N.
(b)

lim
i→∞
Hn−1(∂Li ∩B2R(0)) = 0

and

lim
i→∞

∫
Li∩B2R(0)

|H|2 dHn = 0.

Then, there exist a finite set {θ̄1, . . . , θ̄N} and integral special Lagrangians
currents

L1, . . . , LN

such that, after passing to a subsequence, we have for every smooth function
φ compactly supported in BR(0) and every f in C(R)

lim
i→∞

∫
Li
f(θi)φdHn =

N∑
j=1

mjf(θ̄j)µj(φ),

where µj and mj denote, respectively, the Radon measure of the support of
Lj and its multiplicity.

Remark 3.12. With the extra assumption that Li is almost-calibrated, a
similar result to Proposition 3.11 was proven in [10, Theorem 4.1]. The
proposition is optimal in the sense that given Lagrangians planes P1, P2

intersecting transversely at the origin and two positive integers n1, n2 it is
possible to construct a sequence of zero-Malsov class Lagrangians Li with
L2 norm of mean curvature converging to zero and such that Li tends to
n1P1 + n2P2 in the varifold sense.

4. Applications I: Blow-ups

Let (Lt)0≤t<T be a zero-Maslov class solution to Lagrangian mean curva-
ture flow in Cn with a singularity at x0 at time T . Pick a sequence (λi)i∈N
tending to infinity and consider the sequence of blow-ups

Lis = λi(LT+sλ−2
i
− x0) for all s < 0.

The next theorem was proven in [20, Theorem A] and in [10] assuming an
extra almost-calibrated condition.

Theorem 4.1. There exist integral special Lagrangian current cones

L1, . . . , LN



12 Recent Progress on Singularities of LMCF

with Lagrangian angles {θ̄1, . . . , θ̄N} such that, after passing to a subse-
quence, we have for every smooth function φ compactly supported, every
f in C2(R), and every s < 0

lim
i→∞

∫
Lis

f(θi,s)φdHn =
N∑
j=1

mjf(θ̄j)µj(φ),

where µj and mj denote the Radon measure of associated with Lj and its
multiplicity respectively.

Furthermore, the set {θ̄1, . . . , θ̄N} does not depend on the sequence of
rescalings chosen.

When n = 2 special Lagrangian cones are simply a union of planes having
the same Lagrangian angle.

Sketch of proof. Set

Θi(s) =

∫
Lis

Φ(0, 0)dHn =

∫
L
T+sλ−2

i

Φ(0, T )dHn

and

θi(s) =

∫
Lis

θ2
sΦ(0, 0)dHn =

∫
L
T+sλ−2

i

θ2
T+sλ−2

i
Φ(0, T )dHn.

From Theorem 3.2 we have for b < a < 0

(1)

∫ a

b

∫
Lis

∣∣∣∣H − x⊥

s

∣∣∣∣2 Φ(0, 0)dHnds = Θi(a)−Θi(b)

and

(2) 2

∫ a

b

∫
Lis

|H|2 Φ(0, 0)dHnds ≤ θi(a)− θi(b).

But
∫
Lt

Φ(0, T )dHn and
∫
Lt
θ2
tΦ(0, T )dHn are monotone non-increasing

by Theorem 3.2 and thus

lim
i→∞

Θi(a) = lim
t→T

∫
Lt

Φ(0, T )dHn = lim
i→∞

Θi(b)

lim
i→∞

θi(a) = lim
t→T

∫
Lt

θ2
tΦ(0, T )dHn = lim

i→∞
θi(b).

Therefore, we obtain from (1) and (2) that

(3) lim
i→∞

∫ a

b

∫
Lis

(
|H|2 + |x⊥|2

)
Φ(0, 0)dHnds = 0.

The result follows from combining Proposition 3.11 with some standard facts
of mean curvature flow. �

When the initial condition is rational we obtain extra structure regarding
the behavior of blow-ups.

Theorem 4.2. Assume the initial condition is rational and, in case n > 2,
almost-calibrated. Then, for almost all s0, if Σi ⊆ Lis0 has ∂Σi ∩ B3R = ∅
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and only one connected component of Σi ∩ B2R intersects BR then, after
passing to a subsequence, we can find j ∈ {1, . . . , N} so that

lim
i→∞

∫
Σi
f(θi,s0)φdHn = mf(θ̄j)µj(φ),

for every f in C2(R) and every smooth φ compactly supported in BR(0),
where m ≤ mj and µj denotes the Radon measure associated with the special
Lagrangian cone Lj given by Theorem 4.1

This theorem is slightly different from the one stated in [20, Theorem B]
but the proof is identical. We sketch the main idea.

Sketch of proof. For simplicity we assume the initial condition is exact. Re-
call that |∇βi,s| =

∣∣x⊥∣∣ and so, without loss of generality (see (3)), we can
assume that, when s = s0 or s = −1,

lim
i→∞

∫
Lis

(
|H|2 + |∇βi,s|2

)
Φ(0, 0)dHn = 0.

We now study the sequences Σi and Li−1.

From Proposition 3.11, we have that Σi ∩ B2R converges in the varifold
sense to a stationary varifold Σ with Radon measure µΣ, which can be repre-
sented as a sum of special Lagrangian cones with multiplicities. Furthermore
in virtue of Lemmas 3.7 and 3.10 we conclude the existence of β̄ so that

lim
i→∞

∫
Σi
f(βi,s0)φdHn = f(β̄)µΣ(φ)

for every f in C2(R) and every smooth function φ compactly supported in
BR.

Similar ideas to the ones use to prove Proposition 3.11 (see [20, Lemma
7.2] for details) show the existence of sets {θ̄1, . . . , θ̄Q}, {β̄1, . . . , β̄Q}, spe-
cial Lagrangian cones L1, . . . LQ, and integers m1, . . . ,mQ so that for every
smooth function φ compactly supported and every f in C2(R)

lim
i→∞

∫
Li−1

f(β̄i,−1 − 2(s0 + 1)θ̄i,−1)φdHn =

Q∑
j=1

mjf(β̄j − 2(s0 + 1)θ̄j)µj(φ),

where µj denotes the Radon measure of associated with Lj . Moreover, we
can arrange things so that the pairs (θ̄j , β̄j) are all distinct and thus assume,
without loss of generality, the numbers β̄j − 2(s0 + 1)θ̄j are all distinct as
well.

We now finish the proof. Let f ∈ C2(R) be a nonnegative cut off function
which is one in β̄ and zero at all but at most one element of

{β̄j − 2(s0 + 1)θ̄j}Qj=1

and φ a nonnegative function with compact support in BR.
We have from (3) that

lim
i→∞

∫ −1

s0

∫
Lis

(
|H|2 + |∇(βi,s + 2(s− s0)θi,s)|2

)
Φ(0, 0)dHnds = 0
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and so, using the evolution equation satisfied βi,s+ 2(s− s0)θi,s (see Lemma
3.3), it is not hard to conclude that

lim
i→∞

∫
Lis0

f(β̄i,s0)φdHn = lim
i→∞

∫
Li−1

f(β̄i,−1 − 2(s0 + 1)θ̄i,−1)φdHn

=

Q∑
j=1

mjf(β̄j − 2(s0 + 1)θ̄j)µj(φ).

Therefore

µΣ(φ) = lim
i→∞

∫
Σi

φdHn = lim
i→∞

∫
Σi

f(βi,s0)φdHn

≤ lim
i→∞

∫
Lis0

f(βi,s0)φdHn =

Q∑
j=1

mjf(β̄j − 2(s0 + 1)θ̄j)µj(φ).

Because µΣ(φ) > 0 we have that β̄ = β̄j0 − 2(s0 + 1)θ̄j0 for a unique j0 and
thus the inequalities above become

µΣ(φ) ≤ mj0µj0(φ)

for all φ ≥ 0 with compact support in BR. This implies Σ = mLj0 for some
m ≤ mj0 in BR, and the rest of the proof follows easily �

The previous theorem does imply non-trivial statements regarding the
blow-ups of singularities. We sketch one simple application, the details of
which will appear elsewhere.

Corollary 4.3. Assume the initial condition is rational and n = 2. The
blow-up limit at a singularity cannot be two planes P1, P2 each with multi-
plicity one, distinct Lagrangian angles, and intersecting transversely at the
origin, i.e., in Theorem 4.1 the case N = 2, m1 = m2 = 1, P1 ∩ P2 = {0},
and θ̄1 6= θ̄2 does not occur.

Sketch of proof. We argue by contradiction and sssume Lis converges to P1 +
P2 for all s < 0. There is R0 sufficiently large so that for every 0 ≤ l ≤ 4
and |x0| > R0/2 we have∫

P1+P2

Φ(x0, l)(x, 0)dH2 ≤ 1 + ε0/2

and thus, for all i sufficiently large, all −2 ≤ s < 0, and all 0 ≤ l ≤ 2, we
also have

Θi
s(x0, l) ≤ Θi

−2(x0, l + 2 + s) ≤ 1 + ε0,

where the first inequality follows from Theorem 3.2. Thus, we obtain from
White’s Regularity Theorem 3.1 that for any K large enough and i suffi-
ciently large, we have uniform C2,α bounds for Lis on the annulus A(R0,K)
for all −1 ≤ s < 0. Some extra work shows that, on the region A(R0,K) and
for all −1 ≤ s < 0, Lis can be decomposed into two connected components
Σi

1,s,Σ
i
2,s where Σi

j,s is graphical over Pj ∩A(R0,K), with j = 1, 2.

We argue that Lis ∩BK must have two connected components for almost
all −1 ≤ s < 0. Otherwise we could apply Theorem 4.2 and conclude that
the Lagrangian angle of P1 must be identical to the Lagrangian angle of P2.
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Some extra, but standard work, shows that Lis ∩BK can be decomposed
into two connected components Σi

1,s and Σi
2,s where Σi

j,s converges in the

Radon measure sense to Pj ∩ BK . Hence, each Σi
j,s is very close in the

Radon measure sense to a multiplicity one disk. We can then apply White’s
Regularity Theorem 3.1 to each (Σi

j,s)−1≤s<0 and conclude, in a smaller ball
centered at the origin, uniform bounds on the second fundamental form of
Σi
j,s for all −1/2 ≤ s < 0 and all i sufficiently large. This implies uniform

bounds for the second fundamental form of Lt in a neighborhood of the
origin for all t < T and hence no singularity occurs there. �

5. Applications II: Self-Expanders

Recently, Joyce, Lee, and Tsui [19] proved the following general existence
theorem.

Theorem 5.1 (Joyce, Lee, Tsui). Given any two Lagrangian planes P1, P2

in Cn such that neither P1 +P2 nor P1−P2 are area-minimizing , there is a
Lagrangian self-expander L which is exact, zero-Maslov class with bounded
Lagrangian angle, and asymptotic to P1 + P2, meaning

√
tL converges, as

Radon measures, to P1 + P2 when t tends to zero.

Remark 5.2.

i) The self-expander L found in [19] is explicit.
ii) In [1], Anciaux found such examples assuming L is invariant under a

certain SO(n) action. In this case the self-expander equation reduces
to an O.D.E.

The next theorem shows that self-expanders are attractors for the flow in
C2. The ideas for the proof are taken from [23, Section 4] where a slightly
more general version is proven.

Pick two Lagrangian planes P1, P2 in C2 so that P1 ± P2 is not area
minimizing and P1 ∩ P2 = {0}. Assume (Lt)t≥0 is an exact, zero-Maslov
class, almost-calibrated smooth solution to Lagrangian mean curvature flow
in C2.

Theorem 5.3. Fix S0 and ν. There are R0 and δ so that if L0 is δ-close
in C2,α to P1 + P2 in A(δ,R0), then, for all 1 ≤ t ≤ 2, t−1/2Lt is ν-close in
C2,α(BS0) to a smooth self-expander Q asymptotic to P1 + P2.

Remark 5.4.

i) The content of the theorem is that if the initial condition is very
close, in a precise sense, to a non area-minimizing configuration of
two planes and the flow exists smoothly for all 0 ≤ t ≤ 2, then the
flow will be very close to a smooth self-expander for all 1 ≤ t ≤ 2.

ii) The result is false if one removes the hypothesis that the flow exists
smoothly for all 0 ≤ t ≤ 2. For instance, there are known examples
[20, Theorem 4.1] where L0 is very close to P1 + P2 and a finite-
time singularity happens at a very short time t1. In this case Lt1
can be seen as a transverse intersection of small perturbations of P1

and P2 (see [20, Figure 2]) and we could continue the flow past the
singularity by flowing each component of Lt1 separately, in which
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case L1 would be very close to P1 + P2 and this is not a smooth
self-expander.

iii) The smoothness assumption enters the proof in Lemma 5.5. The
key fact is that if L0∩BR is connected and the flow exists smoothly,
then Lt ∩ BR will also be connected for all 0 ≤ t ≤ 2 (this fails in
the example described above).

Sketch of proof. Consider a sequence (Ri) converging to infinity, a sequence
(δi) converging to zero, and a sequence of smooth flows (Lit)0≤t≤2 satisfying
the theorem’s hypothesis with R0 = Ri, δ = δi. From compactness for
integral Brakke motions [16, Section 7.1] we know that, after passing to a
subsequence, (Lit)0≤t≤2 converges to an integral Brakke motion (L̄t)0≤t≤2,
where Li0 converges to P1 + P2.

Because Li0 converges to P1+P2 we can assume, without loss of generality,
that

lim
i→∞

∫
Li0

(βi0)2Φ(0, 4)dH2 = 0.

Thus, from Theorem 3.2 and Lemma 3.3 ii), we get that for every 0 < s < 4

(4) lim
i→∞

∫ s

0

∫
Lit

∣∣∣2tH − x⊥∣∣∣2 Φ(0, 4)dH2 + lim
i→∞

∫
Lis

(βis + 2sθis)
2Φ(0, 4)dH2

≤ lim
i→∞

∫
Li0

(βi0)2Φ(0, 4)dH2 = 0,

which means that H = x⊥/2t on L̄t for all t > 0 and thus L̄t =
√
tL̄1 as

varifolds for every t > 0 (see proof of [22, Theorem 3.1]). Moreover, some
technical work [23, Lemma 4.4] shows that L̄t converges as Radon measures
to P1 + P2 as t tends to zero i.e., L̄1 is asymptotic to P1 + P2. We are left
to show that L̄1 is smooth.

Lemma 5.5. L̄1 is not stationary.

Proof. If true, then L̄1 needs to have H = x⊥ = 0 and thus L̄t = L̄1 for all
t, which means (making t tend to zero) that L̄1 = P1 + P2. We will argue
that L̄1 must be a special Lagrangian, which contradicts the choice of P1

and P2.
Pick K large enough. Because Li0 ∩B2K is connected and the flow exists

smoothly, we claim Li1∩B2K has only one connected component intersecting
BK . The details can be seen in [23, Theorem 3.1, Lemma 4.5] but the basic
idea is to use the fact that Li0 very close to P1 + P2 in A(K/2, 3K) and
so, like in Corollary 4.3, we conclude that for all x0 ∈ A(K/2, 3K), all i
sufficiently large, all 0 ≤ t ≤ 1, and all 0 ≤ l ≤ 1, we have

Θi
t(x0, l) ≤ 1 + ε0.

White’s Regularity Theorem implies we can control the C2,α-norm of Lit
on A(K, 2K) and some long, but straightforward work, implies the desired
claim.

From varifold convergence we have

lim
i→∞

∫ 2

0

∫
Lit

|x⊥|2Φ(0, 4)dH2dt = 0
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which combined with (4) implies that, without loss of generality,

lim
i→∞

∫
Li1

(|H|2 + |x⊥|2)Φ(0, 4)dH2 = 0.

Because Li1 ∩ B2K has only one connected component intersecting BK , we
can use Lemma 3.7 and Lemma 3.10 to conclude the existence of β̄ so that,
after passing to a subsequence,

lim
i→∞

∫
Li1∩BK

(βi1 − β̄)2φdH2 = 0.

Hence, from (4), we obtain

lim
i→∞

∫
Li1∩BK

(β̄ + 2θi1)2dH2 = lim
i→∞

∫
Li1∩BK

(βi1 + 2θi1)2dH2 = 0

which means L̄1 must be a special Lagrangian cone with Lagrangian angle
−β̄/2. �

Lemma 5.6. There is C so that∫
L̄1

Φ(y, l)(x, 0)dH2 ≤ 2− 1/C for every l ≤ 2, and y ∈ R4.

Proof. The details can be found in [23, Lemma 4.6]. Because L̄0 = P1 + P2

we obtain from Theorem 3.2∫
L̄1

Φ(y, l)(x, 0)dH2 +

∫ 1

0

∫
L̄t

∣∣∣∣H +
(x− y)⊥

2(l + 1− t)

∣∣∣∣2 Φ(y, l+1−t)(x, 0)dH2dt

=

∫
P1+P2

Φ(y, l + 1)(x, 0)dH2 ≤ 2.

The fact that L̄1 is not stationary allows us to estimate the second term on
the first line and find a constant C such that∫

L̄1

Φ(y, l)(x, 0)dH2 ≤ 2− 1/C

for all y and l ≤ 2. �

The same ideas used to show Theorem 4.1 can be modified to argue the
tangent cone at any point y ∈ L̄1 must be a union of Lagrangian planes with
possible multiplicities. The previous lemma implies it must be a plane with
multiplicity one because otherwise

lim
r→0

∫
L̄1

Φ(y, r2)(x, 0)dH2 ≥ 2.

The mean curvature of L̄1 satisfies H = x⊥/2 and so Allard Regularity
Theorem implies uniform C2,α bounds for L̄1. Therefore, L̄1 is a smooth
self-expander asymptotic to P1 + P2. Some extra work shows Lit converges
strongly to

√
tL̄1 and this finishes the proof. �
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Figure 1. Curve γ(ε) ∪ −γ(ε).

6. Application III: Stability of Singularities

We prove a result which is related to [23, Theorem A] but, before we state
it, we need to introduce some notation.

Given any curve γ : I −→ C, we obtain a Lagrangian surface in C2 given
by

N = {(γ(s) cosα, γ(s) sinα) | s ∈ I, α ∈ S1}.
Any Lagrangian which has the same SO(2) symmetry as N is called

equivariant. If µ = x1y2 − y1x2, it is simple to see that L is equivariant if
and only if L ⊂ µ−1(0) (see [23, Lemma 7.1]).

Let c1, c2, and c3 be three lines in C so that c1 is the real axis (c+
1

being the positive part and c−1 the negative part of the real axis), c2, and
c3 are the positive line segments spanned by eiθ2 and eiθ3 respectively, with
π/2 < θ2 < θ3 < π. These curves generate three Lagrangian planes in R4

which we denote by P1, P2, and P3 respectively.
Consider a curve γ(ε) : [0,+∞) −→ C such that (see Figure 1)

• γ(ε) lies in the first and second quadrant and γ(ε)−1(0) = 0;
• γ(ε) ∩A(3,∞) = c+

1 ∩A(3,∞) and γ(ε) ∩A(ε, 1) = (c+
1 ∪ c2 ∪ c3) ∩

A(ε, 1);
• γ(ε)∩B1 has two connected components γ1 and γ2, where γ1 connects
c2 to c+

1 and γ2 coincides with c3;

• The Lagrangian angle of γ1, arg
(
γ1

dγ1
ds

)
, has oscillation strictly

smaller than π/2.

For every ε small and R large we denote byN(ε,R) the Lagrangian surface
corresponding to Rγ(εR). We remark that one can make the oscillation for
the Lagrangian angle of γ1 as small as desired by choosing θ2 very close to
π/2.

Theorem 6.1. For all ε sufficiently small and R sufficiently large, there
is δ so that if L0 is δ-close in C2,α to N(ε,R), then the Lagrangian mean
curvature flow (Lt)t≥0 must have a finite time singularity.

Remark 6.2.
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Figure 2. Curve σ ∪ −σ.

i) The ideas that go into the proof of Theorem 6.1 are exactly the same
ideas that go into the proof of [20, Theorem A], with the advantage
of the former having less technical details.

ii) If L0 is equivariant the flow reduces to an O.D.E. in which case
Theorem 6.1 follows from simple barrier arguments like the ones
used in [20, Section 4].

iii) It is conceivable that a solution to mean curvature flow has a singu-
larity at time T but there are arbitrarily small C2,α perturbations
of the initial condition which are smooth up to T + δ, with δ fixed.
The standard example is the dumbbell degenerate neckpinch due to
Angenent and Velázquez. Thus the interest of Theorem 6.1.

Sketch of proof. Fix ε small and R large to be chosen later. The strategy is
the following: If the flow (Lt)t≥0 exists smoothly for all t ≤ 1, there will be
a singularity before some time T = T (ε,R) and thus the flow cannot exist
smoothly for all time.

Suppose the theorem does not hold. We have a sequence of smooth flows
(Lit)t≥0 where Li0 converges to N(ε,R). Compactness for integral Brakke
motions [16, Section 7.1] implies that, after passing to a subsequence, (Lit)t≥0

converges to an integral Brakke motion (Mt)t≥0. Because

lim
i→∞

∫
Li0

µ2Φ(0, 1)dH2 = 0,

we use Lemma 3.5 iii) and conclude that Mt lies inside µ−1(0) for all t.
Let σ denote a smooth curve σ : [0,+∞) −→ C (see Figure 2) so that

σ−1(0) = 0, σ ∪−σ is smooth at the origin, σ has a unique self intersection,
and, when restricted to [s0,∞) for some s0 > 0, the curve σ can be written
as the graph of a function u defined over part of the negative real axis with

lim
r→−∞

|u|C2,α((−∞,r]) = 0.

First Claim: M1 = {(σ(s) cosα, σ(s) sinα) | s ∈ [0,+∞), α ∈ S1}.
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It is a simple technical matter to find R1 (independent of R large and ε

small) so that, for all i sufficiently large, we have uniform C2,α
loc bounds for Li1

outside BR1 . Moreover, for all R2 ≥ R1 and i sufficiently large, Li0∩BR2 has
exactly two connected components Qi1,0, Qi2,0 where Qi1,0, Qi2,0 is arbitrarily

close to (P1 + P2) ∩ BR2 , P3 ∩ BR@
respectively. Some extra work (see [23,

Theorem 3.1] for details) shows that Lit ∩BR2 can be decomposed into two
connected components Qi1,t, Q

i
2,t for all t ≤ 1.

Fix ν small and set S0 = 2R1 in Theorem 5.3. There is R2 so that for
all R sufficiently large and ε sufficiently small we can apply Theorem 5.3
to (Qi1,t)0≤t≤1 (more rigorously, we should actually apply [23, Theorem 4.1]

because Qi1,t has boundary) and conclude that, for all i large enough, Qi1,1 is

ν close in C2,α to a self-expander Q in BS0 . In [23, Lemma 6.1] we showed
Q to be unique and so we obtain uniform C2,α bounds for Qi1,1 in BS0 .

Furthermore Qi2,0 is arbitrarily close to P3 and some technical work (see [23,

Theorem 3.1]) shows that Qi2,1 ∩BS0 is also close in C2,α to P3.

In sum, we have shown uniform C2,α bounds for Li1 ∩ BR1 for all i suffi-
ciently large. As a result M1 must be smooth, equivariant, and M1 ∩ BR1

must have one connected component ν-close to Q and another connected
component close in C2,α to P3. It is now simple to see that M1 must be
described by a curve σ as claimed.

Denote by A1 the area enclosed by the self-intersection of σ and set T1 =
2A1/π + 1.

Second Claim: For all i sufficiently large, Lit must have a singularity before
T1.

Straightforward considerations (see [23, Theorem 5.3]) show that while
(Mt)t≥1 is smooth we have the existence of curves σt : [0,+∞) −→ C with

σ−1
t (0) = 0, σt ∪ −σt smooth,

Mt = {(σt(s) cosα, σt(s) sinα) | s ∈ [0,+∞), α ∈ S1},

and such that σt evolves according to

dx

dt
= ~k − x⊥

|x|2
.

While this flow is smooth all the curves σt have a self-intersection and so
we consider At the area enclosed by this self-intersection and ct the boundary
of the enclosed region. From Gauss-Bonnet Theorem we have∫

ct

〈~k, ν〉dH1 + αt = 2π =⇒
∫
ct

〈~k, ν〉dH1 ≥ π,

where αt ∈ [−π, π] is the exterior angle at the non-smooth point of ct, and
ν the interior unit normal. A standard formula shows that

d

dt
At = −

∫
ct

〈
~k − x⊥

|x|2
, ν

〉
dH1 ≤ −π +

∫
ct

〈
x

|x|2
, ν

〉
dH1 = −π,

where the last identity follows from the Divergence Theorem combined with
the fact that ct does not contain the origin in its interior. Thus At ≤ A0−πt
and so a singularity must occur at time T < T1.
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Angenent’s work [3, 2] implies the singularity occurs because the loop of
σt collapses, i.e. σT is smooth everywhere expect at a cusp point and some
extra work shows the curves σt become smooth and embedded for all t > T .
The idea for the rest of the argument is as follows and the details can be
found in [23, Theorem 5.1]. If θ̂t(s) denotes the angle that σ′t(s) makes with
the x-axis we have

θt(0) = 2θ̂t(0) and θt(∞) = lim
s→∞

θt(s) = 2θ̂t(∞).

Set f(t) = θt(∞) − θt(0) = 2(θ̂t(∞) − θ̂t(0)). Because there is a change in
the topology of σt across T we have from the Hopf index Theorem that f(t)
jumps by 2π across T . On the other hand, the convergence of Lit to Mt is
strong around the origin and outside a large compact set, which means that
f must be continuous, a contradiction. �

7. Open Questions

We now survey some open problems which could be relevant for the de-
velopment of the field. One of the most important open questions is

Question 7.1. Let L0 be rational, almost-calibrated, and (Lt)0≤t<T a so-
lution to Lagrangian mean curvature flow in C2 which becomes singular at
time T . Show that LT is smooth except at finitely many points and the tan-
gent cone at each of these points is a special Lagrangian cone with some
multiplicity.

L0 is required to be rational so that Theorem 4.2 can be applied and
almost-calibrated because otherwise there are simple counterexamples (see
[22, Example 1.1]). For instance, take a noncompact curve σ in C with a
unique self intersection and consider L = σ × R ⊂ C2 which is obviously
Lagrangian. The solution to Lagrangian mean curvature flow will be Lt =
σt × R which will have a whole line of singularities at some time T .

If one can show that for each singular point x0 there is θ(x0) so that

(5) lim
t→T

∫
Lt

(θt − θ(x0))Φ(x0, T )dH2 = 0,

then standard arguments prove the desired result. We now comment on the
difficulty of (5). For simplicity let us assume that

Θt(x, r
2) < 3 for all r ≤ δ, T − δ2 < t < T , and x ∈ C2.

In this case the blow up at each singular point described in Section 4 will be
a union of two planes P1+P2 by Theorem 4.1 and three cases can happen:
dim(P1 ∩ P2) = 2, dim(P1 ∩ P2) = 0, or dim(P1 ∩ P2) = 1. In the first
case the Lagrangian angles of P1 and P2 must be identical by the almost-
calibrated condition and so we should have θ(x0) = θ(P1) = θ(P2). In the
second case we have from Corollary 4.3 that P1 and P2 must have the same
Lagrangian angle and so θ(x0) = θ(P1) = θ(P2). The third case we want
to show is impossible and this is a highly non trivial matter for reasons we
know explain.

In [19], Joyce, Lee, and Tsui found a Lagrangian N with small oscillation
of the Lagrangian angle and such that

Nt = N + t~v
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solves mean curvature flow. If we blow down this flow, i.e., consider the
sequence N i

s = εiNs/ε2i
with εi tending to zero, one can easily check that,

for all s < 0, N i
s converges weakly to P1 + P2, where P1, P2 are Lagrangian

planes with P1∩P2 = span{~v}. Thus, if we rule out the third case we would
be ruling out Joyce, Lee, and Tsui solutions as smooth blow ups, a clearly
deep fact.

In [19] the authors also found many examples of self-expanders and so a
natural problem is

Question 7.2.

• Let L ⊂ Cn be a zero-Maslov class self-expander asymptotic to two
planes. Show it coincides with one of the self-expanders of Joyce,
Lee, and Tsui.
• Are there almost-calibrated translating solutions to Lagrangian mean

curvature flow besides the ones found by Joyce, Lee, and Tsui?

Castro and Lerma [7] solved the first question when n = 2 assuming L
is Hamiltonian stationary as well, i..e, the Lagrangian angle is harmonic.
When n > 2 it is not known whether special Lagrangians asymptotic to two
planes have to be one of the Lawlor necks, which adds interest to the pro-
posed problem. In [23] we showed the blow-down N i

s of translating solutions
converges weakly to Σs with

Σs = m1P1 + . . .+mkPk for all s ≤ 0 and Σs =
√
sΣ1 for all s > 0,

where the planes Pj intersect all along a line and Σ1 is a self-expander
asymptotic to m1P1 + . . .+mkPk. It is easy to see that Σ1 = σ× line, where
σ is a self-expander in C, and so the first step towards the second problem
would be to see if one can have k = 3 and m1 = m2 = m3 = 1. In [8]
examples were found with unbounded Lagrangian angle.

Success in Question 7.1 would make the following problem having crucial
importance.

Question 7.3. Let L ⊂ Cn be zero-Maslov class, almost-calibrated, and
smooth everywhere except the origin where the tangent cone is a special
Lagrangian cone with multiplicity. Find (Lt)ε<t<ε a meaningful solution to
Lagrangian mean curvature flow so that Lt converges to L when t tends to
zero.

Behrndt [5] made concrete progress on this problem when the multiplicity
is one and the special Lagrangian cone is stable. If would be nice to have a
solution when the tangent cone is a plane with multiplicity two.

Finally, there is no result available regarding convergence of compact La-
grangians in Cn. For instance, the following question can be seen as a
Lagrangian analogue of Huisken’s classical result for mean curvature flow of
convex spheres [14].

Question 7.4. Find a condition on a Lagrangian torus in C2, which implies
that Lagrangian mean curvature flow (Lt)0<t<T will become extinct at time
T and, after rescale, Lt converges to the Clifford torus.

It was shown in [21, 28] that L can be Hamiltonian isotopic to a Clifford
Torus and the flow still develop singularities before the optimal time. As
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suggested by Joyce, the first natural thing would be to see what happens to
small Hamiltonian perturbations of the Clifford torus.
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