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Abstract We give new examples of self-shrinking and self-expanding Lagrangian
solutions to the Mean Curvature Flow (MCF). These are Lagrangian submanifolds
in C

n, which are foliated by (n − 1)-spheres (or more generally by minimal (n − 1)-
Legendrian submanifolds of S

2n−1), and for which the study of the self-similar equa-
tion reduces to solving a non-linear Ordinary Differential Equation (ODE). In the
self-shrinking case, we get a family of submanifolds generalising in some sense the
self-shrinking curves found by Abresch and Langer.
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0 Introduction

Self-similar flows arise as special solutions of the mean curvature flow (which we
abbreviate as MCF) that preserve the shape of the evolving surface. Analytically
speaking, this amounts to making a particular Ansatz in the parabolic Partial Differ-
ential Equation (PDE) describing the flow in order to eliminate the time variable
and reduce the equation to an elliptic one. In geometric terms, it means looking for
curvature properties of a submanifold that make it evolve in the required way.

The study of such explicit, simple examples of flows is hoped to give a better under-
standing of the behaviour of the flow at and after a singularity. The mean curvature
flow is no longer expected to be unique after a singularity has appeared; there are
numerical illustrations of this fact (cf. [6]) and current efforts to give a proof of it
(cf. [7]).
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The simplest and most important example of a self-similar flow is when the evolu-
tion is a homothety. Such a self-similar submanifold X with mean curvature vector H
satisfies the following non-linear, elliptic system:

H + λX⊥ = 0,

where X⊥ stands for the projection of the position vector X onto the normal space.
If λ is any strictly positive constant, the submanifold shrinks in finite time to a single
point under the action of the mean curvature flow, its shape remaining unchanged. If
λ is strictly negative, the submanifold will expand, its shape again remaining the same;
in this case the submanifold is necessarily non-compact. The case of vanishing λ is the
well-known case of a minimal submanifold, which of course is stationary under the
action of the flow.

Another interesting property of the MCF is that it preserves the Lagrangian con-
dition, i.e. if the initial data is a Lagrangian submanifold and the flow is smooth, the
evolving submanifold remains Lagrangian.

In the present paper, we shall focus on Lagrangian submanifolds of C
n, which are

foliated by some (n − 1)-dimensional leaves, so that the submanifold is completely
determined by the data of a planar curve and the self-similar equation reduces to an
ODE on it. Analogous methods are used in Angenent et al. [7] and Angenent [5] for
problems of the same kind, and in Cao [9] for producing Ricci–Kähler solitons.

All our results are based on the following lemma:

Lemma 1 Let ψ : M → S
2n−1 be a minimal, Legendrian immersion and γ : I → C

∗ be
a smooth regular curve parametrised by arclength s. Then the following immersion

γ ∗ ψ : I × M → C
n

(s, σ) �→ γ (s).φ(σ)

is Lagrangian. Moreover, γ ∗ ψ satisfies the self-similar MCF equation

H + λ(γ ∗ ψ)⊥ = 0

for some constant λ ∈ R if and only if γ satisfies the following equation:

k = 〈γ , N〉
(

n − 1
|γ |2 − λ

)
, (1)

where k is the curvature of γ and N its unit normal vector.

In the self-shrinking case, we prove the following:

Theorem 1 For strictly positive λ, Equation 1 admits a countable family of closed
solutions, which is parametrised by relatively prime numbers p and q subject to the
condition p/q ∈ (1/2n, 1/

√
2n); p is the winding number of the curve and q is the num-

ber of maxima of its curvature. There are no other closed solutions provided that the

function �(E) = ∫ r+
r−

dr
r

(
r2n exp(−nr2)

E − 1
)−1/2

, where r− and r+ are the two roots of

the equation rn exp(−nr2/2) = E, is nondecreasing. To any such curve and any minimal
Legendrean immersion ψ : M → S

2n−1 corresponds a Lagrangian immersion γ ∗ ψ
into C

n, which is self-shrinking.

We observe that Equation 1 holds even in the special case n = 1, where the immersion
γ ∗ ψ coincides with the curve γ . In particular, we recover all self-shrinking planar
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curves, which were first found by Abresch and Langer [17] (see also [13]). We con-
jecture that any compact, Lagrangian self-shrinker of C

n is the Cartesian product of
some of the ones described in Theorem 1.

Equation 1 also turns to be integrable in the case of negative λ. This yields the
following:

Theorem 2 For strictly negativeλ, Equation 1 admits a one-parameter family of embed-
ded curves γt, t ∈ (0,π/n) with two ends asymptotic to two straight lines whose angle
is t. To any such curve and any minimal Legendrean immersion ψ : M → S

2n−1

corresponds a Lagrangean immersion

γt ∗ ψ : R × M → C
n

(s, σ) �→ γt(s).ψ(σ),

which is self-expanding.

It is well known that the only minimal Legendrean curves into S
3 are great circles, so

in dimension 2, all the self-similar surfaces described in Theorems 1 and 2 are cyclic,
i.e. foliated by round circles. In a forthcoming paper [3], we will give a characterisation
of Lagrangean cyclic surfaces. On the other hand, for n ≥ 3 there are many minimal
Legendrean immersions into S

2n−1 (cf [8, 11, 15–17]) and we get as many families of
self-similar Lagrangian submanifolds.

A very special case,—which has been mentioned first in Chen [12] where they are
called complex extensors— is when the minimal Legendrean immersion is the totally
geodesic embedding

ψ0: S
n−1 ⊂ R

n → S
2n−1 ⊂ C

n

σ �→ σ + i0.

In particular the immersion γ ∗ ψ0 is SO(n)-equivariant for the following action:
x + iy �→ Ax + iAy, x + iy ∈ C

n, A ∈ SO(n); moreover its image is foliated by round
spheres. In a forthcoming paper [2], we will show that, when n ≥ 3, the only self-sim-
ilar submanifolds, which are Lagrangian and foliated by (n − 1)-dimensional round
spheres are those obtained in that way.

In that particular case, we may discuss the embeddedness of the self-similar solu-
tions:

Theorem 3 In the equivariant case the image of a self-shrinking Lagrangian immersion
of the form γ ∗ ψ0 as in Theorem 1 is an embedded submanifold if and only if the
winding number p of the curve γ is 1 and q is even.

Theorem 4 In the equivariant case the self-expanding immersions γt ∗ ψ0 described in
Theorem 2 are embeddings.

The paper is organised as follows: in the next section, we give the proof of Lemma
1 and in Section 2, we study Equation 1. In Sections 3, 4 and 5, we analyse sucessive-
ly the self-similar equation in cases of positive, vanishing and negative λ, deducing
Theorems 1, 2, 3 and 4.

I am grateful to Tom Ilmanen for proposing this subject to me, giving me fruitful
advice and inviting me to ETH at Zürich, where part of this work was done. I also
want to thank Francisco Urbano, Knut Smoczyk and the referee for useful remarks.
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1 Proof of lemma 1

An immersion ψ from a manifold M of dimension n − 1 into S
2n−1 is said to be

Legendrian if it is horizontal for the distribution defined by the complex structure J,
i.e. if 〈ψ(p), Jψ∗v〉 = 0, ∀p ∈ M, ∀v ∈ TpM.

It is easy to check that given γ a smooth curve in the complex plane C
∗ punctured

at 0, the following immersion is Lagrangian:

γ ∗ ψ : I × M → C
n

(s, σ) �→ γ (s).ψ(σ).

At some point σ of M let (v1, . . . , vn−1)be a basis of tangent vectors; then the following
family (γ̇ .ψ , γ .ψ∗v1, . . . , γ .ψ∗vn−1) is a basis of tangent vectors to γ ∗ ψ(I × M). We
shall express the self-similar equation in the corresponding basis of normal vectors:
N0 := Jγ̇ .ψ and Ni := Jγ .ψ∗vi, 1 ≤ i ≤ n − 1.

We shall use part of a result of Ros and Urbano [18], that we state here in accor-
dance with our notation:

Proposition ([18], Proposition 3, p. 215) The mean curvature vector of γ ∗ψ at (s, σ)
is given by

H = a(s)N0 + 1
|γ |2 γ .Hψ ,

where Hψ is the mean curvature vector of ψ (viewed as an immersion into S
2n−1) at σ ,

and

a(s) = k(s)− (n − 1)
〈γ , N〉
|γ |2 ,

where k(s) is the curvature of the γ .

In particular, if we assume that ψ is minimal, then Hψ vanishes and

H =
(

k(s)− (n − 1)
〈γ , N〉
|γ |2

)
N0.

We now calculate the normal projection of γ ∗ ψ :

〈γ ∗ ψ , Ni〉 = 〈γ .ψ , Jγ .ψ∗vi〉 = |γ |2〈ψ , Jψ∗vi〉 = 0,

〈γ ∗ ψ , N0〉 = 〈γ .ψ , Jγ̇ .ψ〉 = |ψ |2〈γ , Jγ̇ 〉 = 〈γ , N〉.

Hence, we have

(γ ∗ ψ)⊥ = 〈γ , N〉N0,

so H and (γ ∗ψ)⊥ are colinear and the image of the immersion γ ∗ψ is self-similar if
and only if (1) holds.
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2 Solving Equation 1

If we parametrise the curve γ = reiφ by arclength and denote by θ the angle made by
the tangent with any fixed axis, Eq. 1 may be written as the following system:



ṙ = cos(θ − φ)

φ̇ = 1
r sin(θ − φ)

θ̇ =
(
λr − n−1

r

)
sin(θ − φ).

The first two equations of the system express the arclength parametrisation assump-
tion and the last one corresponds directly to (1).

We then introduce the new variable α := θ − φ, which is more intrinsic than θ and
φ in the sense that it does not depend on the choice of a reference axis in C. This
allows to reduce the previous system to{

ṙ = cos α

α̇ = (
λr − n

r

)
sin α.

(2)

We notice that trivial integral curves to this last system are the half-lines {α = 0[π]},
which correspond to γ being a straight line passing through the origin. As a conse-
quence, other integral curves must stay in a region {kπ < α < (k + 1)π , k ∈ Z} of the
half-plane. The system being periodic in α, we may restrict ourselves to {0 < α < 2π}
and even to {0 < α < π} because of the symmetry of the system.

Finally, we notice that it has a first integral, namely

E := rn exp(−λr2/2) sin α.

We have drawn on Figures 1 and 2 the phase portrait, distinguishing the case, λ > 0
in which the trajectories are bounded, from the case λ ≤ 0, in which they are not.

3 The self-shrinking case (Proof of Theorems 1 and 3)

Without loss of generality, we may fix λ = n. System (2) has as equilibrium points
(α = π

2 [π], r = 1). Geometrically, they correspond to γ being the unit circle. These
points are local extrema of the energy E, so integral curves are closed curves around
them, except the vertical lines {α = 0[π ]}. However, closedness of the integral curves
does not imply closedness of the curve γ . This is indeed the case if and only if the
total variation of the phase �(E) := ∫

φ̇ ds (where the integration is computed along
the integral curve of level E) equals a rational number p/q times 2π . In this case,
by reproducing q times the curve, we get a closed one, that we also call γ . Then the
integers p and q have a geometric meaning: p is the winding number of γ and q is the
number of maxima of the curvature, which is also the number of patterns (or petals,
since the curve looks like a rosette).

If�(E) is not rationally related to 2π , the full curve γ makes infinitely many winds
and is dense in some subset of C.

Next, we state the following lemma:

Lemma 2 The following limits hold:

(1) lim
E→0

�(E) = π/n,
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Fig. 1 Phase portrait, λ > 0

(2) lim
E→exp(−n/2)

�(E) = 2π/
√

2n.

Proof For an integral curve of level E, we shall denote by r−(E) and r+(E) the mini-
mal and maximal values taken by r; this corresponds to the intersection of the curve
(α, r) with the straight line {α = π/2}, so we have

rn− exp(−nr2−/2) = rn+ exp(−nr2+/2).

We now introduce the function e(r) := rn exp(−nr2/2), so that E = e(r−) = e(r+). We
then have the following expressions for �:

�(E) = 2
∫ r+

r−

dφ
dr

dr = 2
∫ r+

r−

dr
r

(
r2n exp(−nr2)

r2n+ exp(−nr2+)
− 1

)−1/2

= 2
∫ r+

r−

dr
r

(
e2(r)
E2 − 1

)−1/2

.
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Fig. 2 Phase portrait, λ ≤ 0

Proof of (1). We split the integral into two parts: � = �1 +�2 := 2
∫ 1

r− +2
∫ r+

1 . We
first deal with �1 making the change of variable x = r/r−. We get

�1 = 2
∫ 1/r−

1

dx
x

(
x2n exp(nr2−(1 − x2))− 1

)−1/2
.

So we deduce that

lim
E→0

�1(E) = lim
r−→0

�1(r−) = 2
∫ ∞

1

dx
x

(
x2n − 1

)−1/2 = π

n
.

It remains to show that �2 tends to 0 when r+ tends to ∞. It is done in a similar
manner, using the change of variable x = r−1

r+−1 . The details are left to the reader.

Proof of (2). We now compute the limit of �1(E) when E tends to exp(−n/2) by
making the change of variable r = 1 + hx, where we denote h := 1 − r−. So we have
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�1(E) = 2
∫ 1

r−

e(r−)dr

r(e2(r)− e2(r−))−1/2

= 2
∫ 0

−1

e(1 − h)hdx

(1 + hx)
(
e2(1 + hx)− e2(1 − h)

)1/2
.

Now, using the Taylor expansion of e at 1:

e(1 − h) = exp(−n/2)
(
1 − nh2 + o(h2)

)
,

we deduce that

e(1 − h)h

(1 + hx)
(
e2(1 + hx)− e2(1 − h)

)1/2

= (1 − nh2 + o(h2))h

(1 + hx)
((

1 − n(xh)2 + o((xh)2)
)2 − (

1 − nh2 + o(h2)
)2

)1/2
,

which converges uniformly on any interval strictly contained in (−1, 0) to 1√
2n(1−x2)

as h tends to 0. Hence

lim
E→exp(−n/2)

�1(E) =
∫ 0

−1

dx√
2n(1 − x2)

= π√
2n

.

Analogously, we show that limE→exp(−n/2) �2(E) = limr+→1�2(E) = π√
2n

.

This lemma implies that the range of �(E) contains (π/n, 2π/
√

2n). It seems very
likely that � is nondecreasing and so its range is exactly the interval (π/n, 2π/

√
2n).
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Fig. 3 An Abresch and Langer curve with p = 7, q = 10
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Fig. 4 n = 2, p = 17, q = 35

This has been proved for n = 1 by Abresch and Langer [1] and recently by Andrews
[4]; computer experiments provide some evidence of this fact in higher dimension.

We also notice two important novelties when n > 1: first, the curvature of the
curve γ is θ̇ = (nr − n−1

r ) sin α, which changes sign with the quantity nr − n − 1/r. So
there is a critical value E0 = (n−1

n )(n−1)/2 exp(−n − 1/2) of E, which has the following
property: if E < E0, the trajectory (α, r) never enters the region {r < √

n−1
n }, so the

curvature remains strictly positive and γ is (locally) convex. On the other side, if
E > E0, a part of the trajectory (α, r) lies in {r < √

n−1
n } and γ changes convexity.

Another fact is that when n > 1 the interval (1/2n, 1/
√

2n) contains rationals of the
form 1/q, which correspond to curves γ which are embedded. This is important for
the proof of Theorem 3 that we discuss now.

We first observe that a necessary solution for the immersion γ ∗ψ0 to be an embed-
ding is that the curve γ is itself embedded. So necessarily the winding number p of γ
must be one, which can occur except in dimension n = 1. However this condition is
not sufficient for the corresponding submanifold to be embedded: if the curve admits
two points γ (s1) and γ (s2) which are symmetric with respect to the origin, we have:

γ ∗ ψ0(s1, σ) = γ (s1).σ = −γ (s2).σ = γ ∗ ψ0(s2, −σ), ∀σ ∈ S
n−1.

Since the sphere S
n−1 is also symmetric with respect to the origin, it implies that

the two spherical leaves corresponding to γ (s1) and γ (s2) are identical. On the other
hand, two distinct points of γ which are not symmetric with respect to the origin cor-
respond to two spherical leaves, which do not intersect. Hence, there are two different
situations:
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Fig. 5 n = 5, p = 1, q = 6

(1) if q is odd, a simple argument on the variations of the radius r(s) and the angle
φ(s) of the curve shows that there are a finite number of pairs of such symmetric
points on γ . Thus, the submanifold has self-intersections;

(2) if q is even, the whole curve has a central symmetry, and to any pair (γ0, −γ0)

of antipodal points of γ corresponds a unique spherical leaf in the image. It
follows that the immersion γ ∗ ψ is a two-covering of its image, which is a
embedded submanifold, since the quotient of γ by the antipodal map is embed-
ded. For example, in C

5 we get an embedded Lagrangian self-shrinker by taking
(p, q) = (1, 6)) (See Fig. 5).

4 The minimal case

In this case, we may give explicitly the solutions. Indeed, we have

φ̇ = 1
r

sin α = − 1
n
α̇,

so up to a constant, we have

φ = − 1
n
α = − 1

n
arcsin

E
rn .

If n = 1, the corresponding curve γ is a straight line and in larger dimensions, we can
check that Im (γ n) = Const. In the equivariant case γ ∗ψ0, we recognize the Lagrang-
ian catenoids, which were first identified by Harvey and Lawson [14] and was studied
in greater depth by Castro and Urbano [10]. The equation Im (γ n) = Const and its
relations with special Lagrangian submanifolds was also considered independently in
Haskins [15] and Joyce [16]. The angle φ has range (−π/n, 0), which corresponds to
the fact that the Lagrangian catenoid is asymptotic to two Lagrangian hyperplanes
with a constant angle π/n.
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Fig. 6 n = 2, p = 1, q = 3

5 The self-expanding case (Proof of Theorems 2 and 4)

From now on, we fix λ = −n. In the remainder of the section, we shall label any
integral curve by the minimal value it takes, denoted by r0. Notice that the range of
r0 is (0, ∞) and that the energy E is expressed by E = rn

0 exp(nr2
0/2).

We now compute the phase variation of γ :

�(r0) :=
∫
φ̇ = 2

∫ ∞

r0

dφ
dr

dr = 2
∫ ∞

r0

sin α

r cosα
dr

= 2
∫ ∞

r0

dr
r

(
r2n exp(−nr2)

E2 − 1
)−1/2

= 2
∫ ∞

r0

dr
r

((
r
r0

)2n

exp(n(r2 − r2
0))− 1

)−1/2

.

Making the change of variable x = r/r0, we get

�(r0) = 2
∫ ∞

1

dx
x

(
x2n exp(nr2

0(x
2 − 1))− 1

)−1/2
.

From this last expression, standard computations yield that �(r0) is decreasing and
has range (0,π/n). The fact that this integral is finite means that γt has two ends
asymptotic to two straight lines, whose angle is just the value of the integral. Thus
the corresponding self-expander has two ends, which, in the equivariant case γt ∗ ψ0,
are asymptotic to two Lagrangian subspaces. Finally we observe that the fact that the
angle function φ of γt is monotone and has range (0,π/n) implies that γt is embedded
and contained in a half-space. By a similar argument to that of Section 3, we conclude
that γt ∗ ψ0 is an embedding.
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